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1.  Introduction  and  Summary 


We  are  pleased  to  be  able  to  contribute  to  this  Festschrift  in  honor  of  Lajos  Takdu  on  his  70'*’ 
birthday.  In  this  paper  we  try  to  emulate  Takics  by  seeking  the  essential  mathematics  underlying 
a  probability  problem  of  ^lied  relevance.  Like  Takdcs  (1962.  1963.  1967).  we  focus  on  the 
single-server  queue. 

In  particular,  we  focus  on  small-tail  asymptotics  for  the  steady-state  waiting  time  W  and  the 
steady-state  workload  L  We  find  general  conditions  under  which 

x'^ogFCW  >  Jt)  -6*  as  X  (1.1) 

for  0*  >  0.  and  similarly  for  L.  We  call  die  constaid  6*  in  (1.1)  the  asymptotic  decay  rate.  The 
futlowing  elementary  proposition  helps  put  (1.1)  in  perspective.  It  is  easily  proved  using 
integration  by  parts;  e.g.,  p.  ISO  of  Fdler  (1971). 

Proposltioi  1.  For  any  random  variaNe  Z  and  positive  constant  6*.  the  following  are 
equivalent: 

(i)  x”*log/*(Z  >  x)  -+  -6*  ofx  -4  m; 

(U)  sup(e2  0:£r*^  <  «)  -  e*; 

(Ui)  For  all  t  >  0,  there  isanxo  "  tlinr 

^-(#•♦01  ^  p^2  >  jc)  s  f-tr-tu  for  all  X  >  xo  . 

Ihere  is  cuireody  great  Interest  in  small-tail  asymptotics  such  u  in  (1.1)  because  of  possible 
appUcattons  lo  the  design  and  control  of  emerging  high-speed  communication  networks.  In 
particular,  it  has  been  recognised  that  asymptotic  decay  rate  Auctions  (defined  below)  that 
determine  asymptotic  decay  rates  such  as  6*  in  (1.1)  nuy  be  used  to  creme  effective  bandwidths 
for  admissioo  oontrtd  and  other  network  resource  allocatioo  problems;  see  Gibbens  and  Hum 
(1991).  KeUy  (1991).  Guerin.  Ahmadi  and  Naghshineh  (1991).  Clang  (1992).  Whitt  (1992). 
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Elwalid  and  Mitra  (1992),  Baiocchi  (1992),  CtMudhury  and  Whitt  (1992),  Sohraby  (1992)  and 
Chang,  Heidelberger,  Juneja  and  Shahubuddln  (1992).  The  last  reference  also  illustrates  how  the 
asymptotic  decay  rates  may  be  used  to  speed  up  simulations.  Our  ^)proach  here  is  most  closely 
rated  to  the  papers  by  Whitt  (1992),  Chang  (1992)  and  Chang  et  al.  (1992).  In  particular,  the 
results  here  provide  theoretical  support  for  die  procedures  in  Whitt  (1992). 

In  many  cases,  a  stronger  limit  than  (1.1)  holds,  namely, 

«•  */*(  W  >  x)  -♦  a*  as  X  (1.2) 

for  positive  constants  6*  and  a*.  Then  we  call  a*  rAe  asymptotic  constanL  It  is  easy  to  see  that 
(1.2)  implies  (1.1)  but  not  conversely.  An  M/G/1  queue  for  which  (1.1)  holds  but  (1.2)  does  not 
^jpears  in  Example  5  of  Abate,  Choudhury  and  Whitt  (1992a).  Then 
P(W  >  x)-ax”^e”*‘*  as  X  M,  adiere  /(x)-g(x)  means  that  /(x)/g(x)  -♦  1.  In  this 
paper  we  focus  on  the  weaker  form  (I.J).  For  work  focusing  on  (1.2),  see  Abate,  Choudhury  and 
Whitt  (1992a,b,c),  Asmussen  (1989),  Annussen  and  Petty  (1992),  Neuts  (1986),  Tijms  (1986), 
van  Ommeren  (1986)  and  references  in  these  sources. 

When  (1.2)  holds,  a  natural  approximatkm  for  the  tail  probabilities  is  P{W  >  x)=a''e~*’' 
for  X  not  too  small.  Since  the  asymptotic  constant  a*  in  (12)  is  often  not  easy  to  obtain.  Abate, 
Choudhury  and  Whitt  (1992a)  suggest  the  siiqiie  approximmion  a*  ~6*  EW.  For  some  puq[)oses, 
e.g.,  Ibr  percentiles,  even  asl  is  sadsfectory.  In  many  cases.  a*=:l  produces  a  bound,  i.e.. 
P(W  >  x)  i  see  p.269  of  Asmussen  (1987)  and  Chang  (1992).  These  eiqxinentiai 
approximadoos  can  also  be  used  with  (1.1),  even  though  (1.1)  does  not  provide  as  much  support 
as  (12).  However.  Example  S  of  Abate,  Choudhury  and  Whitt  (1992a)  shows  that  the  quality  of 
the  approximadoo  provided  by  the  asymptotics  can  deteriorate  dramatically  when  (1.1)  holds  but 
(1.2)  does  not  Moreover,  for  the  admissioo  contrtd  problem,  it  is  important  to  note  that  the 
quality  of  the  approximations  for  the  tail  probabilitks  provided  by  the  sinqde  one-term 
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exponential  approximations  also  can  deteriorate  dramatically  when  the  number  of  independent 
sources  increases;  see  Choudhury,  Lucantoni  and  Whitt  (1993). 

In  this  hrst  section,  we  present  our  main  result  and  discuss  its  implications.  We  give  proofs  in 
Sections  2-8  and  examples  in  Section  9.  In  91.1  we  state  our  main  result  for  W;  in  91-2  we 
discuss  some  inqilications  and  related  results;  In  91.3  we  state  our  main  results  for  L,  which 
follow  directly  from  the  results  for  W  by  discretizing  the  processes;  and  in  9 1.4  we  give  sufficient 
conditions  for  W  and  L  to  have  the  same  logarithmic  asymptotics.  Ihis  involves  the  logarithmic 
asymptotics  of  die  time-stationary  and  customer-stationary  (embedded-stadonaiy  (x  Palm¬ 
stationary)  versions  of  the  arrival  process.  In  91-5  we  discuss  logarithmic  asymptotics  for 
steady-state  queue  lengths. 

1.1  The  Main  Result 

Let  {Xa  ;  a  2  U  be  a  sequence  of  real-valued  random  variables  and  define  the  associated 
waiting-time  sequence  { Wa  :  n  2  0 }  recursively  by  letting  Wq  ■  Oand 

V-i  -IWa  +  Xa^ir.niO,  (1.3) 

where  [x]'*’  «  maxfx.O).  Let  Sq  «  0  and  5a  *  X|-f...-t-Xa.  a  2  1.  Let  ^  denote 
convergence  in  distribution. 

Theorem  1.  Let  (Xa  :  a  2  1 }  fie  strictfy  suuioneuy.  (f  there  exists  a  JimctUm  y  and  positive 
constants  6*  and  e*  such  diat 

(i)  a"’log  ->  y(0)dra  /or  ifi  -  0*1  <  e*.  (1.4) 

(ii)  y  is  finite  in  a  neighborhood  of  9*  and  differentiabU  ct  6*  with  y(6* )  «  0  and 

y'(0*)>O,oad  (1.5) 

<  ../Of  a  2  1,  (16) 

dm  Wa  ^  Was  a  M  and  (J.I)  hoids. 
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A  significant  feature  of  Hieorem  1  is  that  there  are  no  independence  or  Markov  assumptions. 
Instead,  we  have  condition  (1.4)  involving  the  asymptotic  behavior  of  tiK  cumulant  generating 
functions  of  the  partial  sums  S„,  as  in  the  Gartner  (1977>^Iis  (1984)  theorem  of  large  deviations 
theory;  see  p.  14  of  Bucklew  (1990).  (For  a  discussion  of  the  connection  to  cumulants.  see 
Qioudhury  and  Whitt  (1992).)  Indeed,  our  proof  of  Theorem  I  follows  large  deviations  theory, 
using  exponential  changes  of  measure.  For  additional  background  on  large  deviations  theory,  see 
Dembo  and  Zeitouni  (1992)  and  Shwartz  and  Weiss  (1993). 

The  conditions  in  Theorem  1  are  very  general,  but  they  are  not  necessary,  as  we  show  in 
Example  1  in  99. 

A  (familiar)  key  step  iu  proving  Theorem  1  is  representing  W.  as  the  maximum  of  reverse- 
time  partial  sumi;  i.e., 

m  Sg-  fflinSt  ■  max  {S^^St)  ,  (1.7) 

OiUn  oitiM 

so  that,  when  we  extend  (X. }  to  a  douMy  infinite  itatlonaty  sequence  (X«  ;  <  n  <  •• ). 

W. is (fistiibuled as Mh  ■  max(5k  :0ik^  n}, where 5o  ■  OandS^  ■  The 

conditions  in  Theorem  1  obviously  apply  to  5^  u  well  as  St  because  Since  the 

staiionailty  is  required  oidy  for  fids  step,  we  obtain  Theorem  1  immediately  ftom  the  following 
result  for  maxima  of  partial  sums  •  max(5ft  :0i  ki  n),  whidi  does  not  require 
statfonarity.  We  prove  the  foUowing  result  in  f  2. 

Theorem  2.  Let  (Xh  :  n  2:  1 }  be  a  sequence  of  red  valued  random  variabUs  (not  necessarily 
stationary).  If  there  edsts  a  ftmction  ty  and  positive  constants  9*  and  e*  such  that  (l.4)-(J.6t 
hotdand 

limsqp  £r*^*  <  ••  for  l6l  <  e*  .  (1.8) 


thenM^  -a  Mw.p.lasn  mond 
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x'HogPiM  >  x)  -6*  as  X  oo  .  (1.9) 

Note  that  condition  (1.8)  in  Theorem  2  is  not  needed  if  {X„}  is  stationary,  because  then  (1.8) 
is  implied  by  (1.6)  in  the  case  n  »  1.  For  this,  recall  that  <  ee  when  <  m  and 
6i  <  62  for  any  random  variable  Zby  Holder’s  inequality;  see  (21)  on  p.  47  of  Chung  (1974). 

Also  note  that  condition  (1.6)  is  clearly  necessary  in  Theorem  2,  because  S„  for  all  a. 
Hence,  £e*’"  «  «  •oforanyn. 

We  remark  that  we  have  also  proved  a  version  of  Theorem  2  with  condition  (1.8)  replaced  by 
£e*^‘  <  M  fw  /I  2  1  foi  some  6  with  6  >  6*.  This  alternative  condition  might  be  preferred  in 
Theorem  2.  but  it  wotdd  require  that  we  strengthen  (1.6)  in  Theorem  1. 

In  Theorem  1  we  have  assumed  that  the  basic  sequence  {X„)  is  stationary.  However,  this  is 
not  a  great  restriction  because  the  focus  is  on  the  steady-state  waiting  time  W,  Given  the 
dlstrlbutioo  of  W,  it  is  usually  posslUe  to  chotm  a  stattonaiy  version  of  any  given  basic  sequence 
(X„ }  such  that  W„  Was  e.g.,  see  p.  13  of  Borovkov  (1976).  Of  course,  the  conditions 
in  Theorem  1  apply  to  this  stadonary  verrion.  However,  under  regularity  conditions, 
nonstatiooary  vetstons  and  stadonary  versioos  of  the  basic  serpKnce  will  couple  so  that  the 
ctmdldoos  for  one  enable  us  to  verify  the  condidons  for  the  other. 

In  ocher  words,  W  typically  does  not  depend  00  the  hddal  part  of  the  basic  sequence  {X« }. 
In  oratrast,  the  maximum  Min  Theorem  2  clewly  does  depend  on  the  entire  sequence  {X«).  For 
a  simple  example,  suppose  that  (X.  rale  2)  is  U.d.  with  a  good  distribution,  but 
F(X|  >  x)-Ax~^.  Then  X I  influences  the  tail  behavior  of  for  all  a  and  M.  but  not  that  of  W 

An  important  role  Is  played  by  the  ftmcdon  tp  in  Theorem  1 ;  we  call  it  the  (oiya^iodc)  dtcay 
roar  It  is  signiflcani  that  y  is  necessarily  convex  where  it  is  finite,  because  log £r*^  is 

convex  where  it  is  flnite  for  any  random  variable  Z.  u  can  easily  be  seen  by  applying  Holder's 
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ioequallty.  It  is  important  to  distinguish  the  decay  rate  function  y  from  the  associated  large 
deviations  rate  fimction  I{x),  defined  by 

I{x)  «  sup{0x  -  v(0))  ;  (1.10) 

s 

e.g..  see  Qiapter  1  of  Bucklew  (1990).  Hie  functions  ^  and  /  are  intimately  related.  Indeed,  they 
are  convex  conjugates  of  each  other;  see  p.  1 83  of  Bucklew  ( 1990). 

1.2  Impllcatioiis  Vid  Related  Results 

The  conditions  of  Theorems  1  and  2  are  easy  to  check  u4ien  the  basic  sequence  {X,}  isiJ.d. 
This  qiecial  case  includes  the  GI/GI/1  queue  (with  i.i.d.  service  times  independem  of  iJ.d. 
intenriival  times),  for  which  it  is  possible  to  obtain  the  stronger  result  (1.2);  e.g.,  see  p.  269  of 
Asmussen  (1987).  In  this  GI/GI/1  case,  Abate,  Choudhury  and  Whitt  (1992d)  have  shown  that  it 
is  also  easy  to  oonqaiie  the  tail  probabilities  by  numerical  translhnn  inversion,  numerically 
inregrattng  a  contour  integral  representatimi  for 
CoroUaiy  1.  ^|X.  :  a  2;  1  )isLLd.,  EX  <  (k 

£e*’*  -  1  (1.11) 

andEe**  <  mfor-t  <  6  <  0*  tforsomet  >  (X  dtm  dte  con^titms  ofTKeorem  1  and2 
hoUvfUhyf{^)  ■  log  Ee**,  soi/utt(J.J)aiul(J.9) hold. 

Praet  Note  that  R~‘k>g£^*’*  «  Ee**'  «  y(0)  when  |X.)  U  iJ.d.  Since  y(0)  «  I. 
y'(O)  ■  £X  <  0  and  y  is  convex,  ^^(0*)  >  0.  ■ 

Thus,  for  the  GI/Gl/1  queue,  it  is  easy  to  see  what  the  decay  me  lUncttony  is.  Forexample. 
in  the  M/M/1  queue  with  service  ryel  and  arrival  rate  p,  y(0)  ■  -iog((l~O)(l<f0/p)];  for 
the  D/M/1  queue,  y(0)  ■  ~k>g(l~0)~6/p;  and  for  the  M/D/1  queue. 
y(tt)  «  0>iog(U0/p). 
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It  is  worth  pointing  out  that  the  logarithmic  asymptotics  in  (1 .1)  tend  to  be  robust.  In  general, 
weak  convergence  of  distributions  does  not  imply  that  large  deviations  asymptotics  converge. 
However,  in  this  context,  weak  convergence  plus  uniform  integrability  does  imply  that  the 
cumulant  generating  ftinction  converges,  and  the  logarithmic  asymptotics  here  depends  only  on 
the  location  of  the  root  (and  not,  for  example,  die  slope  at  the  root).  We  illustrate  by  stating  a 
concrete  result  in  die  context  of  Corollary  1. 

Corollary  2.  Let  {XI :  n  it  \)  be  LLd.  for  each  y  >  0,  where  X\  ^  as  y  -¥  0  and 
<  M  for  some  6  >  Gq  and  some  M,  for  all  y.  lfX{  satisfies  the  conditions  of  Corollary  I 
for  each  y  2  (X  then  (1.1)  holds  for  eachy  2  OandOy  Go  osy  (X 

ProoCi  Since  X{  X|  as  y  0.  as  y  0.  Tlie  uniform  moment  bound  implies 

the  uniform  imegrabUity  needed  to  obtain  Ee*^  *4  Ee*^  as  y  0  for  aU  G  <  Go  -f  e  for 
somee.  • 

la  order  to  understand  what  the  asymptotic  decay  r«eG*  in  (1.1)  primarily  depends  tqion.  and 
somedines  to  compute  0*.  it  is  uaeftil  to  consider  heavy-tralBc  asymptotic  eq»osioos  for  G* 
baaed  on  expandInt  the  Amction  yfO)  in  a  Tajdor  aeries  expansloas  about  0.  Such  heavy-oaffic 
asyn^Noric  expanskms  are  established  In  Abate.  (3x)udtauiy  and  Whitt  (1992a).  Abate  and  Whitt 
(1992)  and  Choudhury  and  Whitt  (1992).  Since  logflr*^*  is  the  cumulant  generaring  Aincdoo  of 
5a,  the  derivirives  of  y(6)  are  the  asynqjiodc  cumulants  of  5*.  To  Ulustraie.  we  establish  the 
(bst  term  of  the  heavy-traflBc  expansion  here.  Ihe  first  term  coincides  with  the  fluniliar  decay  rate 
associaied  with  exponential  heavy*irafl)c  linttts;  see  Kingman  (1962).  Iglehart  and  Whitt  (1970) 
and  ChoudMiry  and  Whin  (1992). 

CaroUary  3.  Consider  a  fimify  of  models  indexed  by  p,  0  <  p  <  1.  Suppou  that  the 
asstenpdons  of  Theorem  1  hold  for  each  pond 

(i)  EX^ip)  •  -d-pX 
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(ii)  n"' Var5„(p)  -*  asn  oo,0  <  <  «,  and 

(iii)  n~'£(S„(p)-(l-p)n)^  ->  yasn  -*  eo, -eo  <  y  <  eo. 

Then  (1.1)  holds  with 

0*(p)  *  +  o(l-p)  oj  p  -♦  1  . 

(T 

Pmti.  Since  log£e*^*  is  the  cumulaot  geoentiog  function  of  S^,  we  can  apply  Taylor’s  theorem 
to  obtain 

•  as  ^  0^Var(,S,)  , 

n"‘k)g£e“‘  -  -Od-p)  + - +  0(0^)  as  0  0 

Zn 

unilbfinly  In  p  and  t),  using  condition  (iii)  to  get  the  uniformity  in  n;  e.g.,  see  (4^)  on  p.  268  of 
Chung  (1974).  Hence 

a202 

t|f(0)  -  -0(l-p)  +  -2—  +  0(02)  as  0  -4  0 

unUbcmly  in  p,  so  that  the  desired  conchisloofbUows.  ■ 

Another  easy  case  is  when  the  pactlal  sums  5.  are  Gaussian  (but  possibly  dependent)  for  all  n. 
When  ia  is  Gaussian.  Theorem  1  takes  a  very  simple  form.  In  pattiailsr.  then  (1.1)  holds  writh 
0*  in  Cort^lary  3.  the  Gaussian  amumpiioo  hcrids  spproximaidy  in  an  £«/£•/!  queue  for 
suitably  large  k  and  m.  (As  usual,  £»  stands  for  Eitang  order  t)  A  direct  Gaussian 
approximation  has  also  been  proposed  and  studied  by  Addle  and  Zuckerman  (1993).  this 
analysis  provides  additiooal  JustlAcatlon  for  the  heavy-trafBe  approximatloo.  because  it  does  not 
(m  least  direedy)  require  a  high  traffic  intensity. 

Cerellaiyd.  Suppose  diatS^  is  Gaiasim  with  negative  mean  and  fatUevariaicet^  for  all 
n  2  1.  (fmg/n  -*  m  and  o^/n  -*  9^  as  n  -*  m,  voters  m  <  0  <  a^,  then  the  conditions  of 
Theorem  2  hold  with  ^(B)  «  0m  4  B^a^/2,  so  that  (1.9)  holds  with  0*  •  -tm/o^  >  Oi  //. 
in  addition,  the  basic  sequence  {X^]  is  stationary,  then  the  con^Ums  of  Theorem  1  hidd,  so  that 
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( 1. 1)  holds. 

Proof.  Recall  that  £exp(65|,)  »  exp(Qm^+Q^a^/2)  when  S„  is  Gaussian  with  mean  m„  and 
variance  Om.  ■ 

In  queueing  theory.  (1.3)  is  the  fiuniliar  Lindley  equation  associated  with  a  single-server 
queue  with  unlimited  waiting  room  and  the  flrst-in  first-out  service  discifdine.  Then 
Xj,  «  Vj,  -  C/j,  where,  for  n  2  1.  V.  is  the  service  lime  of  customer  n  and  is  the  interarrival 
time  between  customers  n  and  n  + 1.  With  this  indexing,  we  begin  with  a  first  customer  arriving 
at  an  enqjty  system. 

Another  queueing  model  that  leads  to  the  represemadon  X.  ■  V.  -  is  the  queue  length 
in  a  disaete-time  single-server  queue.  Hiee  we  inteipiet  V.  as  the  number  of  arrivals  at  epoch  n 
and  £/.  as  the  number  of  potential  departures  at  epoch  n.  For  this  representation  to  be  valid,  we 
usually  require  iqieclal  Markov  or  deterministic  assumptions  in  the  service  process,  or 
**Milot»mous  service:"  see  p.  235  of  Borovkov  (1976).  We  use  this  below  in  |1.3.  For  the 
ATM  networks  it  is  often  reasonable  to  assume  deterministic  service,  so  that  this  Lindley 
equadoo  repreaeniation  is  indeed  appropriate.  For  example,  if  there  Is  at  most  one  service 
oompletioo  at  each  epoch,  then  (/«  •  I  fbr  aD  n.  TMs  modd  variant  is  conaideted  by  Chang 
(1992).  Sohraby  (1992)  and  Chang  et  aL  (1992).  These  authon  also  focus  on  the  Gartner-EIUs 
conditloo  in  (1.4).  but  Theorem  1  here  seems  to  be  new. 

Given  Theorems  1  and  2.  we  want  to  know  when  the  conditioos  ate  sadsfled.  In  the  queueing 
context,  the  oonditloei  can  be  expressed  in  terms  of  the  two  sequences  ( C/.  :  n  2  1 )  and 
( V.  :  n  2  1 )  aeparatdy  when  die  sequences  ( (/« )  and  ( V. )  ate  independent.  (However,  note 
that  sudt  independence  is  not  required  in  Theorem  1.) 

To  state  the  result,  lets;;  *  Vi+...-¥  V^utikxSl  ■  Ui  ■*■...■¥  (/.. 

Prapaaitlen  2.  Suppose  that  X^  «  V,  •  where  { :  a  2  1 )  md  ( (/n  :  a  2  1 }  are 
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independent  sequences  of  nomegative  random  variables.  If  there  exist  functions  Vv  <tnd  V|/„  and 


positive  constants  6*,  e*  and  M  such  that 

(i) n~^  log  -♦  Vv(6)<wii  -►  oofor  |9-9'I  <  e'  ,  (1.12) 

(ii)  y  V  is  finite  in  a  neighborhood  qfB*  and  differentiable  at  9*,  (1.13) 

(iii)  £f*  ^  <  *0  for  rt  i  1,  (1.14) 

(tv)  <  M  for  ni  land  aU\e\  <  t* ,  (1.15) 

(v) rt‘‘  log  -»  V,(-9)  as  n  -¥  m,for  |9-9*l  <  e'  ,  (1.16) 

(vi) yf^  is  finite  in  a  neighborhood  of andd^erentiableat-B*,  (M7) 

(vii) Ee~*^*  <  Mforn  i  1  and  all  |9|  <  e*  and  (1.18) 

(vi»i)y(9*)  -  0a»irfy"(9*)  >  0/bry(9)  -  y,(9)+v,(-9) ,  (1.19) 


then  (X. )  sadsfks  conditiorj  (1.4HI‘6)  and  (1.8)  with  decay  rate  fitnction  y.  so  that  (1.9) 
holds,  (f.  in  addition,  {(U^.V^))  is  stationary,  dien  [X^]  is  stationary  and(l.l)  htdds. 

Proot  By  ttK  indqpendeooe. 


£r«-  .  .  Ee^Ee  *^- , 


10  tint 

log £r“*  -  loi&“’*  +  lo|&"“^  . 

Since  2  Ol  Ee~^*  i  1.  Slmllariy.  £r*^*  »  £r*^*£r~*^*.  Hence,  it  it  dev  dnt  the 
acnmedoottlltlooibefeiiDply  dncoodltlomiollieoRm  1.  ■ 

Aiannlni  dni  tin  tnlval  and  tervloe  procetaet  .jre  independent,  we  can  treat  them  tepeniely. 
To  obtain  Amher  leautii  for  ihe»  tepataie  procenes.  it  is  uteAil  to  have  a  leladoo  between  the 
asynpioclct  for  a  oottotini  proceas  and  the  atynpiocica  for  its  invene  pntial  sum  process.  For 
this  puipoie,  we  apply  a  leault  ftom  Qynn  and  WhiB  ( 1993). 

Let  (f.  :  a  2  0}  be  a  nnndeaeaiini  sequence  of  random  variables  with  To  ■  0.  We  tMok 
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of  r„  as  the  arrival  epoch  of  customer  n  in  the  queue;  then  T„  =  Ui+...  +  U„.  let 
[NO) :  r  ^  0 }  be  the  associated  counting  process  defined  by 

N(t)  =  max{n  i  0 ;  7*,  S  r} ,  r  ^  0  .  (1.20) 

The  (familiar)  key  relation  between  and  N{t)  that  we  exploit  is 

{fV(0^n}  «  {T,  nr}  (1.21) 

for  all  oonnegative  n  and  r. 

A  process  {Z(r)  ;  r  2  0}  will  be  said  to  satisfy  the  Gartner-ElUs  condition  with  decay  rate 
ftmction^  if 

Umr’* log  ■  v(0)  for  all  Da  R  .  (1.22) 

For  a  diacretemnie  process,  we  let  r  nm  through  the  positive  iuiegen  in  (1Z2). 

The  associated  decay  rate  ftinction  y  will  be  said  to  satisfy  the  auxiliary  large  deviations  (LB) 


reguUirtty  conditUms  if  (1Z3H1.26)  below  hold: 

()  wiiirt 6 :v(6}  »•»•-)>  0.  (123) 

yf  is  dUBneattabk  eveqrwhcie  in  (-••,  P) .  (1.24) 

^¥'(9)  «  4  M ,  and  (1.25) 

Ufnt)r(e)  -  ¥(p)  .  (1.26) 


The  conditions  (1Z2)-(1Z6)  ace  standard  in  the  large  deviations  Uteratuce.  In  particular, 
under  coadMons  (1Z2)-<1Z6).  foe  process  (Z(f) :  1 2  0)  srttfles  foe  Gattwr  (1977)  >  BUs 
(1984)  foeotem,  l.e..  foe  (orgr  deviatkm principle  holdB  for  {Z(r) :  r  2  0)  with  rMe  fonctlon  I 
la  (1. 10);  lee  pp.  42-SO  or  Deobo  and  Zehouai  (1992X 
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The  following  result  is  proved  in  Glynn  and  Whitt  (1993).  let  \y~  ‘  be  the  inverse  function  of 
\|/.  Note  that  \|r  is  nondecreasing,  and  strictly  increasing  where  it  is  hnite.  Hence,  for  ;c  and  y 
finite,  v~'(y)  *  Jt  if  and  only  if  v(jc)  =  y. 

Theorem  3.  If  the  counting  process  {Af(r) :  r  i  0}  satisfies  (1.22H1-26).  then  the  inverse 
partial  sum  process  [T^iniO]  does  too,  with  the  possible  exception  of  (1.22)  for  6  s 
Similarly.  if(T^  :n  ^0}  satisfies  (L22)-(1.26),  then  {N(t)  :  /  i  0}  does  too.  with  the  possible 
exception  of  (1.22)  for  Q  m  In  particular,  then  (1.22)  holds  for  both  processes,  ie., 

Um /•’  log  »  Viy(e)  (1.27) 

and 

Um  «"‘log  *  yr(®)  (>-28) 

both  hold  (with  the  noted  exceptions)  and 

¥/»(«)- -¥r‘ (-6).  (1.29) 

where  they  are  finite. 

Thus,  subject  to  nyuUrtty  coodtloos,  given  the  G«iner*ElUs  asympiodcs  for  one  of  Af  or  f. 
we  obtain  the  CSiitner-ElUs  asympiotia  for  the  other  (ttrecdy  and  have  the  inverse  relaiioo  (1.29). 
lUs  paraUels  previous  lelatkMs  between  other  Umlis  for  Af  and  T.  e.g..  see  Iglehait  and  Whin 
(1971),  |7  of  WbMt  (1980),  Theotems  3  and  6  of  Glynn  and  Whin  (1988a)  and  Theorem  1  of 
Qynn  and  WMtt  (1988b). 

For  esan^de,  we  can  apply  Theorem  3  to  obtain  ihe  Ganner-BUs  Umlt  (1.28)  for  the  penial 
sons  SI  from  the  (Sinaer-Ellis  Umk  (1.27)  for  the  ooundng  process  N{t)  derived  foe  batch 
Marhovian  atiival  processes  in  Theorem  1  of  Choudhuty  and  Whin  (1992).  Abate,  Ghoudhury 
and  Whin  (1992c)  obtain  (1.2)  for  BMAPAJl/l  queues,  while  the  resula  here  yield  (1.1)  for 
BMAPfG/1  queues,  without  requiting  that  ihe  servioe  tunes  be  Lid.  Suflident  conditiofis  for 
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(1.22)  in  terms  of  embedded  regenerative  structure  are  also  given  in  Theorem  7  of  Glynn  and 
Whitt  (1993). 

We  now  show  that  deterministic  sequences  provide  upper  bounds  on  6*  when  { }  and 
{ are  independent  sequences;  see  $8  of  Abate,  Choudhury  and  Whitt  (1993a)  for  related 
results.  We  use  the  queueing  notation  G/G/1  to  refer  to  a  general  stationary  sequence 
{ ( ) }  of  interairival  times  and  service  times. 

Proposition  3.  Among  G/G/l  models  satisfying  the  assumptions  of  Proposition  2,  the  asymptotic 
decay  rate  6*  is  maximized  (a)  by  deterministic  service  times  among  all  stationary  service-time 
sequences  { V„ }  with  given  mean  EV„,  aid  (b)  by  deterministic  interarrival  times  among  all 
stationary  interarrival-times  sequences  { }  with  given  mean  EU^. 

Proof.  By  Jensen's  inequality,  Ee*^  2  for  any  random  variable  Z,  so  that 
log£e*^  2  log«*“’'  *  lie  £V|  and  log£r"*^  2  log#*“^  «  nBEUi.  Hence,  if  y?  and  and 
yf  denote  dm  decay  rate  Auctions  in  dm  deterministic  cases,  then  y^Ce)  2  yf  (6)  and 
y«(-e)  2  yf  (-6)  fxalie  >  0,  so  that  dm  roots  in  (1.19)  must  be  ordered  as  indicated.  ■ 

More  generally,  we  can  establish  stochastic  conqmclaons  between  any  two  G/G/l  systems. 
Propositkw  4.  Consider  two  QJG/l  queues  satisfying  the  assumptions  of  Theorem  1.  If 
Ee*^*  1  Ee*^'  foraU^  2  0  and  all  nsuiuMy  large,  then  S  et. 

Proof.  Urn  condition  implies  that  yi(e)  S  y2(0)  for  all  e  2  (X  Hence,  dm  roots  e*  of 
y<(0)  ■  0  must  be  ordered  by  6}  i  0|.  ■ 

As  in  Whin  (1992),  when  ( {/« )  and  { )  are  independent,  we  can  characterise  dm  arrival 
and  aervioe  decay  rate  Auctions  y.(>d)  and  y»(d)Aom  dm  asymptotic  decay  rues  0*  observed 
in  G/D/1  and  D/G/1  queues.  To  do  this,  we  must  consider  all  possible  arrival  rates  p. 
0<p<  1.  sothttdm  asymptotic  decay  rue  0*  becomes  t  function  6*(p).  0  <  p  <  1.  Let 
y«(-6)  refer  to  dm  case  in  which  »  1  and  let  dm  case  of  arrival  rate  p  be  obtained  by 


considering  interarrival  times  U„/p  for  all  n,  i.e.,  simple  time  scaling. 

Proposition  5.  For  G/G/1  models  satisfying  the  assumptions  of  Proposition  2,  (a)  the  arrival 
asymptotic  decay  rate  function  V*(--0)  M/ith  arrival  rate  1  is  determined  by  the  decay  rate  0*  (p) 
in  G/D/1  models  with  arrival  rate  p,  0  <  p  <  1.  Le.,  by  the  equation 

V,(“0’(p)/p)  +  e’(p)  «  0 . 0  <  p  <  1  .  (1.30) 

(b)  The  service  asymptotic  decay  rate  function  yv(6)  with  service  rate  1  is  determined  by  the 
decay  rate  0*  (p)  in  ^Vt///  models  with  arrival  rate  p,  0  <  p  <  1.  Le.,  by  the  equation 

yv(0*(p))-e‘(p)/p  -  0  .  (1.31) 

Proof.  Note  that  ya(-0)  is  a decreaslag  convex  Ainctioo  withy. (0)  *  -1.  Hence,  the  values 
of  y.(>0)  for  0  >  0  are  deiennined  by  the  intenection  with  all  lines  through  the  origin  with 
slopes  less  than  >1.  This  is  provided  by  (1.30).  after  making  the  change  of  variables 
6(p)  •  0*(p)/p.  Similarly,  y. (6)  is  an  increasing  convex  Auction  with  y^(0)  »  1.  Hence, 
the  values  of  yy(0)  for  0  >  0  are  determined  by  the  intersection  with  all  lines  through  the  origin 
with  slope  greater  than  <»>1.  This  is  determined  by  (1.31).  ■ 

IJ  A  Contlnnoas-TInM  Analog:  The  Workload 

We  can  apply  Theorems  1  and  2  to  obtain  cocrespondiog  results  for  cootinuous-tinie  workload 
ptocesaet;  we  win  only  dlscms  the  anak^  of  Theorem  1.  Paralleling  (1.7).  stgjpose  that  we  have 
a  contiouousmme  workload  prooen  (L(r):r  2  0)  deOned  In  terms  of  a  comiouous-time  net 
input  process  ]y(r);r  2  0)  by  applying  die  usual  reflectloo  map.  14^. 

Ut)  m  y(r)>lnf(r(s):0  S  s  S  r) .  r  2  0 .  (1.32) 

with  L(0)  •  0.  Moreover,  let  the  net  Input  process  be  deftned  in  terms  of  a  total  Input  process 
(/(r);r  2  0)  with noadeoreaslogsan^)ie  paths  by 
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YU)  =  /(/)  -/./SO.  a.33) 

In  the  G/G/1  queue,  /(/)  represents  the  total  work  in  service  time  to  arrive  in  the  interval  [0,/], 
i.e.,  the  sum  of  all  service  times  of  all  arrivals  in  [0,/].  but  here  /(/)  can  be  more  general.  For 
example,  this  formulation  includes  fluid  models  such  as  the  Markov  modulated  fluid  models  in 
Elwalid  and  Mitra  (1992)  as  a  special  case  (without  directly  requiring  the  Markov  assumption). 

Paralleling  Theorem  1.  we  will  work  with  a  version  of  /(/)  that  has  stationary  increments.  We 
prove  the  following  result  in  $4. 

Theorem  4.  Let  the  net  input  process  (K(/);iS0)  have  stationary  increments  with 
£Y(t)  «  (p- 1)/  where  p  <  1.  tf  there  exists  a  function  y  and  positive  constants  6*  and  e* 
such  that  the  anaUtgs  of  {L4)  and  (1.6)  hold,  Le..  if 

-4  y(d)  ast~*mUx  16-0*1  <  e*  (1.34) 

and 

£^rr(i)  ^^f„aUt>0.  (1.35) 

and  if  (1.5)  holds  for  this  yf,UienL(t)  mn  Las  tot  mond 

jr"*k)|P(L  >  x)  -4  -0*  or  X  -4  ■•  .  (1.36) 

Iheocem  4  easily  appUei  to  tnqteipoiitkMi  of  lixkpendeDi  processes,  as  we  now  show. 
PrepoaltlM  i.  Consider  the  woHdoad  process  L{t)  in  (1.32)  and  (1.33)  with 

l{t)  *  hit)  l„it),  where  /|(r) . /«(/)  orr  mutually  independent  nondecreasing 

processes  each  with  stationary  increments  sati^fing 

r'loiEe"'^'*  -»  y,(0)  for  1 0-0*  I  <  e*  . 

and 

g^rtM 


<  ■•  for  oil  I  >  0  and  I . 
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holds  for 

V(0)  =  Vi(6)  +•••+  v«(0)-e , 

then  the  conditions  of  Theorem  4  hold,  so  that  (1.36)  holds. 

Proof.  By  the  inikpendeoce. 

«  log£e"'^'^  +...+  log£^®^*‘'^-e/ .  ■ 

The  following  proposition  treats  the  standard  case  in  queueing,  in  which  the  total  input  /(r)  is 
the  sum  of  all  the  service  times  of  all  arrivals  in  the  interval  [O.r].  We  prove  the  following  in  $7. 
Proposition  7.  Caisider  a  total  input  process  defined  by 

Ait) 

/(/)  -  IVi.riO.  (1.37) 

Suppose  that  [V^]  is  independent  of  ( A(0 ). 

,  •iy> 

n“'£e  -»  v»(6)  asn-*m  foe  allBina  neighborhood  of  6 

and 

’■*  Va(6)  ast-^mfotaUBina  neighborhood  of  t|r(6) 
where^tf/iiscontbttiousatyf^iBl  Then 

^  as  t  m  . 

lA  Pirim Eqahrnknoe far UMGirtncr>ElisLiiails:Relaliaf  Wand L: 

Ite  asympiotta  itar  W  and  L  dlflier.  in  paa  because  W  is  based  <»  die  customer-stationary 
(enbedded-stadonaiy  or  Palm-stadooacy)  sequence  ( (/« )  while  L  is  based  on  the  counting 
process  M(r) )  with  stationary  tiicrenienis.  which  is  anodaied  with  the  drne-sttfioovy  sequence, 
say  { ),  connectBd  by  the  Ptfm  transformation.  e.g..  see  Fnnken  et  al.  (1981).  However,  we 
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anticipate  that  we  should  have  0V  =  SJ,.  To  establish  that  relation,  we  would  like  to  have  Palm 
equivalence  for  the  Oirmer-Ellis  limits,  i.e.,  we  would  like  to  be  able  to  say  that 
n"‘log£e  ■  -4  v«(0)  as  n  -»  oo  if  and  only  if  n“‘log£e  ’  ->  \i/I(0)  as  n  -4  »  and 
Vb  *  vJ,  whereas*  =  t/J  +...+  £/J,n  i  1.  We  establish  s  weaker  result  here.  We  show  that 
if  both  limits  hold  with  the  limit  functions  and  satisfying  regularity  conditions,  then 
V«  «  We  then  use  this  property  to  provide  conditions  under  which  0[  •  Qw- 

We  start  by  relating  the  asymptotics  for  L  and  W  when  the  service  times  are  i.i.d.  As  in 
Theorem  2  and  92  of  Abate,  Choudhury  and  Whitt  (1992b),  we  apply  the  generalized  Takics 
(1963)  relation  between  Wand  L  in  a  G/Gl/1  queue  (with  i.i.d.  service  times  that  are  independent 
of  the  anlval  process);  see  (1.38)  below  and  (4J.9)  on  p.  129  of  Franken  et  a).  ( 1981). 
Propositfon  i.  In  a  G/CI/l  queue.  (I.  I)  holds  if  and  only  if  (1.36)  holds  andB*w  *  0£. 

Proof.  The  generalized  TaUcs  relation  yields 

Ee*^  «  1-p  4  p&*"'£e**'*  .  (1.38) 

where  has  the  stsdooary-exoess  or  equilibrium-icsidual-lUiB  distribinion  associated  with  the 
service-dme  dUtributkm.  By  ProposMoo  3  here.  Theorem  10  of  Abate,  Choudhury  and  Whin 
(1992a)  and  Lemma  1  of  Abate,  Choudhury  and  Whin  (1992b),  <  ••  if  £f <  ••.  ■ 

We  now  apply  Propositloo  8  to  obtain  a  form  of  Palm  equtvaleoce  for  the  Gatmer-Ellis  limits. 
We  prove  the  ft^towing  result  In  |S. 

Thaeren  S.  Let  A{t)  be  a  eoundag  process  associated  with  a  mm-detemimstic  tiMe~siationar\ 
sequence  { Ul )  and  let  SI  be  the  partUd  nens  associated  with  the  corresponding  cusumer- 
stationary  sequence  ( £/« ).  Assume  that  the  decay-rate  function  associated  with  A,  stuisfies 
the  auxiliary  LD  regularity  conditions  (1.23HI  26)  with  limit  of  support  in  (1.23).  Assume 
that 
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<  oo  for  a//  t  >  0  and  0  <  (1.39) 

and 

r~‘logJEe*^^'^  ->  Va(0)  oj  /  ->  «>  for  0  <  P^  .  (1.40) 

Assume  that 

n~‘logJEe~*^  -4  v«(-0)  or  n  -4  ••  for  o//  0  >  0  ,  (1.41) 

where  is  finite  and  differentiable  for  aUB  >  Oi  Then 

V,(-0)  *  vK-O)  »  -yA*(6)  for  allB  >0  .  (1.42) 

We  now  relate  the  logarithmic  asymptotics  for  W  and  L  in  a  general  G/G/1  queue  when  the 
acrival  and  aervioe  processes  are  Indqteiident  (but  the  service  times  need  not  be  ii.d).  We  prove 
the  ftrilowlng  result  in  §6. 

Thaoron  d.  Consider  a  GffS/I  queue  in  which  die  service  times  {V^)  are  stationary  and 
indqtendent  of  the  arrival  process.  Let  the  arrival  process  satisfy  die  asswnptions  cfTheorem  5. 
Let  the  service  decay  rau  fieiction  y»  satisfy  the  auxiliary  LD  regularity  conditions  (J.2SHL26) 
widi  limit  of  support  in  (1.23).  Assume  duit 

Ee*'*  <  ••  for  iitf  A  2  1  and  6  <  p,  (1.43) 

and 

->  yr(6)  «A-4«*fot0<P,  .  (1.44) 

Then(l.l)and(l.36)bodiholdwidiBw{p)  •  Blip)  for  each  p.O  <  p  <  1. 

IJ  QMMLcagliM 

la  ihU  aecdoo  we  diaatts  she  iofailihmic  atynqaoiia  for  the  meady-staie  queue  length 
(number  la  tysfotaX  Let  Q  and  be  the  SKeady'Staie  queue  length  at  an  aiMtiary  time  and  at  an 
acilval  epoch,  respectively,  which  we  assume  ve  well  defined.  As  in  |1.3,  let  G/GI/1  mean  i.i.J 
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service  times  that  are  independent  of  general  stationary  interarrival  times.  We  prove  the 
following  in  §8. 

Proposition  9.  In  the  G/GI/1  queue.  ( LI)  holds  if  and  only  if  the  the  analogs  of  (1.1)  hold  for  Q 
and  Q",  in  which  case 

Qg  “  Cfl*  “  »  VyCOV)  .  (1.45) 


2.  Proof  of  Theorem! 


In  this  section  we  prove  Theorem  2.  For  this  purpose,  we  perfonn  a  change  of  measure  for 
eachn.  In  particular,  for  each  n  2  1.  let  P.  be  the  probability  measure  on  R*  defined  by 

.  exp(e*5.) 

Plidxi . dr.)  ~P(X,edr, . X.edx.) 

£exp(0*S,) 

*  exp(0'5,-y«(9*))P(X,€dx, . X.odx.)  .  (2.1) 


where  ^^(0)  ■  log  £exp(05«)and\|ra(0*)  <  •forn  2  1  by  (1.6). 


We  base  our  proof  on  the  foOowiog  strengthened  form  of  the  weak  law  of  large  numbers. 
This  is  doaely  relamd  lo  claim  1  on  p.  17  of  Bucldew  (1990)  In  his  proof  of  the  Ciattner-Ellis 
theoreoL  However,  we  only  make  assumpdons  locally  around  0*.  whereas  Bucklew's 
assumpdons  are  more  global.  We  will  need  the  cases  k«0aodk«l  in  our  proof  of 
lheocem2.  Weprove'iheorem7in|3. 

Thaorcm?,  Let  k  be  a  fixed  nomegative  integer.  Under  the  conditions  cf  Theorem  2  (excluding 
(1.8)  if  k  •  0), /or  each  e  >  0  there  exists  nQmdr\  m  i)(e)<[0.1)suc/ifhai 


K 


$  n*  Ibr  A  2  Ho  • 


(2.2) 


Since  is  oondeoeasing,  hi  w.pLl.  The  desired  result  (1.9)  implies  that  hi  must  be 


proper.  Since  Fiki  >  x)  •  P(T(x)  <  m),  where 
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T{x)  =  inf{n  >  0  :  >  ;r)  .  (2.3) 

it  suffices  to  show  that 

x"'  log  P(T(x)  <  oo)  -6*  as  X  po  .  (2.4) 

Let  Ld  be  the  greatest  integer  less  than  or  equal  to  x  and  let  fjrl  be  the  least  integer  greater  than 
or  equal  to  x.  Now,  for  e  and  v  given,  and  any  x  and  ii(e). 

Pmx)  <  «)  -  i  P(nx)  -  j) 
y-i 

ii(e)  U(l-*V\J 

^  2  P(T(x)  « y)  +  2  » j) 

;-i  ;-»•(»)♦  t 

U(i*evy|  » 

+  2  Pinx)  -  j)  +  2  f*(nx)  -  j) .  (2.5) 

y-  r*(l  -cyvl  ;■  r*(l 

Given  e.  we  choose  n(e)  in  (2i)  so  that  for  all  n  2  n(e)  we  simultaneously  have 

U"*y«(6*)l  <  min{--^^^-^  ,  e)  (2.6) 

and 

p:  in"  (2.7) 

for  it  >  0  and  1  for  some  t)  wifo  0  $  <  1.  lUs  is  possible  because  of  assun^Nion  (1.4)  and 

llieorem?. 

For  tbe  first  term  in  (2i), 

PiTix)  mj)i  P(Sj  >  X) 

$  £•  lexp(-e*5y  +  ;Sj>  x] 

i  ctp(^B’x)Ej[exp(yfj(B*)) ;  Sj  >  x] 
i  exp(-e’x)exp(Vy(0*))  .$  (2.8) 

We  use  (1.6)  to  ensure  that  (2.8)  is  fiidte. 
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For  the  second  term  in  (2.5),  note  that  (starting  with  the  reasoning  in  (2.8)) 
P{T(x)  =  j)  ^  cxp(-6*jr)^[exp(V;(e'));  Sj  >  x]  . 


where 


Ej[txpipj{Q*)-.  Sj  >  X]  i  exp 


J 


-togn 


PjiSj  >  x) 


i  exp 


.(-lOgTl) 


Pj 


Sj> 


l-£ 


i  exp 


,(-logn) 


fi 


i  exp 


(-■oil) 

2 


lr'S/-vl  >  -■ 


gv 

+e 


S  exp 


zJ2tn. 


i  aq> 


Heace. 


fjd-fWl 

I  F(T(x)  -  ))  S  exp(-e’x)  2  S  exp(-e*x)(l-V?)-» 

>•! 


For  the  turd  term  la  (2J), 


F(r(x)  •  J)S  exp(-e*x)£J(expi|f^(e*) ;  5^  >  xl . 


where 


^le*|KV>(e*));  5^  >  X)  S  expCy/v’))  S  exp()e)  s  exp(cx(l+e)/v) 


(2.9) 


(2.10) 


(2.11) 


(2.12) 


For  the  ftwtth  mrm  la  (2J). 
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P{nx)  =  j)  <.  P{Sj.x  ^x,Sj>  X) 

^  £j[exp(-e*Sj  +  Vy(e*)  ;  Sj. I  ^x,  Sj  >  x] 
5  exp(-e*x)cxp(v^(e*)/»;(s^_,  ^  x) , 

where 


Pj(Sj.i  ix)iPj 


^P] 


Sj.i  i 


J  1+E 


l+£ 


f^J 


^>-1  ^  V 

j  1+e 


byHieofemS  with*  «  1.  Since  Vy(0*)  i  -(log  Ti)/2by(2.6)for>inthissum, 


£  /’(r(x)  *  j)  i  exp(-e*x)£Ti^  i  exp(-e'x)(l-Vin)"‘  .  (2.13) 

y>U(ucvvJ 


Combldog  (2J).  (2.8),  (110).  ai2)  and  (113),  we  obtain 


-  /  r-  . 

P{T{x)  <  m)i  exp(-e  x)  1  X«*P(¥>(®*))  d-"^)”* 

•—  +  l]exp(ex(l+c)/v)  +  (l-ViT)-*  }  . 


Hence,  using  condition  (1.6). 

iimx"*logP(r(x)  <m)i  -e*  +  e(l+e)/v . 

Since  e  was  afMtncy, 

Urax"*logP(r(x)  <  ••)  i  -e* . 


(1U» 


We  now  establish  the  lower  br.und.  For  thU  purpose,  let  m(e)  «  fxd-t-O/yJ .  Ilien 
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P{T{x)  <  oo)  2  />(S„(e)  >  Jt) 

^  ^m(t)  ■*■  Vm(£)(®  )  >  ^m(t)  ^  Jf] 


^  El 


m(t) 

^  ^*(E) 

2;  exp 


exp(-0*5«(e)  +  V.(e)(e-)  ;  5„(e)  > 


®*P(“®  ^m(t)  ■*■  Vm(e)(®  )  >  W(£)  I‘^i»i(e)  —  v|  <  j 


ev 

+  E 


exp(-0*v-^ii^m(e))  +  V„(e)(0*)  ;  l/n(E)"'5„(e)  -vl  < 


-e*v-^ii:^m(E)  +  V„(e)(0*) 


Kit) 


EV 

l+E 


l'w(er'5«(e)  -  vl  < 


’*(£) 


l+E 


Since 


Pi 


*(«) 


|m(er‘5*(e)  -  vl  <  -ji 


£V 

+£ 


>+  1  as  X  -»  M 


by  Theorem  5. 


limx“‘log/»(r(x)  <  •■)  2  Um 


q,^(1+2£)  m(£)  £n(£) 

l+£  X  X 


2  -0*(1+2£)  -£(l+£)/V 


Since  £  was  arbitrary,  we  conclude  that 

Umx"‘logi»(r(x)  < -)  St -e’ .  (2.15) 

Combining  (2.14)  and  (2.15)  completes  the  proof. 

3.  Proof  of  Theorem  7 

As  before,  let  y«(6)  «  log£r*^*  and  recall  that  n‘‘'yii(0)  ’•*  ¥(0)  as  n  fur 
|6~6*  I  <  £*  where  6*  and  £*  are  as  assumed.  We  stan  with  the  case  k  m  0.  Then,  for  each  0. 


0  <  0  <  £*. 
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>  V  +  £)  S  exp(-0n(v+£))£;exp(05»)  , 

where 

exp(-0n(v+£))£iexp(0S»)  =  exp(-0n(v+£))  J  exp(0x)exp(0*x-v„(0*))£(5„e<it) 

»  exp(-0»i(v+e))exp(v,(0+0*)-v»(0*))  . 

We  choose  hq  in  Theorem  7  suitaUy  large  so  that  v«(0’f  0* )  <  •»,  which  is  possible  by  (1.4) 
and(1.5).  We  use  the  fact  that  £e*'^  <  aowhenEe*’^  <  ooandO  <  0i  <  02. hence 

iimn"‘log£;(n'‘S»>v+e)  i  v(0*+0)-v(0*)-0(v+£)  .  (3.1) 

II 

However,  by  Taylor’s  theorem. 

V(0+0*)-y(0*)-0(v+e)  -  v'(6*)e+o(e)-e(v+c)  as  0  -4  0 

■  -0c  +  0(0)  as  0-40  . 

Hence,  we  can  choose  0}  withO  <  0>  <  e*  so  that 

y(0*+0i)-y(0*)-0i(v+e)  <  -0iC/2 

and 


limn"*lo|£i(ii"*£*  >  v+c)  $  -0|e/2. 

II 


which  estabiiihes  one  half  of  (12). 

On  the  other  hand,  for  0  <  0  <  c*. 

£2(ii"‘5«  <  v-e)  ■  >  -0ii(v-e)) 

i  exp(0ii(v-e))£;2exp(-05«)  . 


when 

exp<0ii(v-e))£;!exp(-05M)  »  exp(0ii(v-e))Jexp(-0x)£^(5.cdx) 

■  exp(0ii(v-e))exp(y.(0*-0)-v.(0*))  . 
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Hence, 

iim/>;(n"‘5,  <  v-e)  ^  e(v-e)+v(0*-0)-v(0*)  .  (3.2) 

H 

Then,  as  before. 

V(0*-0)-V(0*)-0(v-e)  -  -0£+o(0)  as  0  -»  0 
so  that  we  can  choose  02  with  0  <  02  <  e*  so  that 

V(0*-e2)-V(0*)+02(v-e)  S  -02£/2 
and 

Umn“‘loj/‘i;(n"*5,  <  v-c)  i  -Qit/l . 

W  I 

which  completes  the  proof  for  Jk  ■  0. 

For  k  2  1.  we  first  note  that  £ exp(0(5a-5a_j|))  <  ••  for  all  |0|  <  5  for  some  5  >  0  if 
condition  (1.8)  holds.  To  see  this,  apply  the  Cwchy-Schwarz  inequality  k  times  to  obtain 

£exp(0(5,-5,.»))  i  (£exp(0X,)2)‘'»£(exp(e(5,.,-5,.*)2)''* 

S  (£ exp(20X,))''*£{exp(2e{5.-,  -5..*))''* 

S  (£exp(20X.))''*(£otp(40X..,))''**...(£exp(2*^'0X..*^,))2* .  . 

We  dioose  hq  suitably  latfe  so  that,  for  some  finite  M, 

for  all  A  2  Ro>  whldi  is  pooibie  by  assumption  (1.8). 


Fort  2  1.  we  then  have 
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^n(n~'S„_t  >  v+£)  S  exp(-0/i(v+£))£;exp(05„_t) 

S  exp(-0fi(v+£))jexp(0  jxj)exp(0*  £  Jr,~\|;„(0*))P(>:,ed!x, . X„€dx„) 

I- I  i-l 

^  exp(-0n(v-H£))£[exp((0+0*)S„-0(S,-5„-t)-V;,(0*))] 
i  exp(-0n(v+£)(£exp(p(0-H0*)S*))''i'’(£exp(-fl0(5„-S„.t)))‘^«exp(-v„(0*)) 

for  positive  p  and  q  with  •  1  by  Holder’s  inequality.  We  choose  p  sufficiently  close 

to  1  and  0  sufficiently  small  so  that  p(0-f0*)  is  within  the  required  neighborhood  of  0*  and 
qB  <  5.  so  that  £exp(-q0(5«-5a_jk))‘^'' is  bounded  for  n  i  no-  Hence, 

Umn"‘log£;(n"‘S,-*  >  v+£)  i  -e(v+e)+\(Kp(e+0*))'''’ -y(0*)  .  (3.3) 

Since  p  was  arbitrary,  we  can  let  p  ->  1  in  (3.3)  to  obtain  the  analog  of  (3.1)  with  5..^  instead  of 

Similarly, 

<  v-e)  S  exp(0ii(v-e))£;e*p(-e5*_*) 
i  exp(0fi(v-e)/  exp(-0  2*,)exp(e*  £x<-v*(0*))^Ui«<^»i . X^tdx^) 

i»l  i-l 

$  exp(0«(v-c))£(exp(e*-e)5,+0(5.-5*_*)-tp*(0’)) 

S  e*p(0ii(v-e))(£e*|>(p(0* -e)5,))'->(£exp(fl0(5. -S«-*)))*'*ex|>(-¥«(e* )) 

fbr  positive  p  and  4  with ■  1  by  Holder's  inequality.  Reasoning  as  in  (3.3),  we  obtain 
iEnii"'lOf£j(n"'S,.»  <  v-e)  J£  0(v-e)-fy(p(e*-e))'''^-t|r(0*)  .  (3.4) 

LeniQg  p-»  1  in  (3.4)  we  obtain  the  analog  of  (3.2)  with  instead  of  5,.  The  rest  of  the  proof 


is  die  sane  as  for  A  «  0. 
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4.  Proof  of  Theorem  4 

We  construct  discrete-time  processes  satisfying  the  conditions  of  Theorem  1  that  suitably 
approximate  the  continuous-time  processes.  In  particular,  for  any  S  >  0,  we  construct  a 
discrete-time  waiting-time  process  { )  by  defining  service  times  and  interarrival  times 
via 

V*  «  /((n-H)S)-/(n5)  and  £/*  *  5  ,  n  ^  1  .  (4.1) 

Since  EY{t)  »  pr  for  p  <  1,  £V5  <  EVi.  We  initialize  by  setting  Wo  =  £(0).  Then,  by 
induction,  we  have 

W*  i  Unh)  i  W*  +  5 ,  n  ^  0  .  (4.2) 

Since  T(r)  has  stationary  increments,  L(r)  is  distributed  the  same  as  sup(  T(s)  :  0  ^  s  ^  r). 
Since  this  supcemum  is  nondecreasing,  t(r)  ^  L  as  t  m.  Since  wj|  W*  and 
Unf)  a»  L  as  n  w,  we  have 

fir*""  S  fir*^  i  r**fir*""  .  (4  3) 

From  (4.3),  we  see  that  fir*^  <  ••  if  and  oidy  if  fiir*""  < 

Hence,  it  suffices  to  show  that  sup(6:fir*""  <  ••)  «  6*.  For  this  purpose,  let 
5j  ■  Vj  +...•♦•  Vj.i-nfi.  Then 

Therefore, 

iiir‘lof  fif*^  i  limr-‘lof  fir*’'^'*  ^  Umf*  log  fir*^*^  .  (4  5) 

9"4m  PSm 


Hence, 
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limn"‘log  =  8“‘\j/(9)  .  (4.6) 

Since  -  0  if  and  only  if  ^(6)  =  0.  the  proof  is  complete. 

5.  Proof  of  Theorems 
By  Theorem  3. 

/i“‘log£e“*^  -¥  v;(-0)  ■  -Va‘(B)  as  n  ->  «o 

for  each  6  >  0.  Now  we  consider  the  waiting  time  and  workload  in  the  G/D/1  queue  with  the 
given  point  process  as  the  arrival  process.  We  let  the  deterministic  service  times  have  mean  1  and 
the  arrival  processes  have  rate  p  where  0  <  p  <  1.  This  requites  that  we  scale  the  original 
process. 

By  Theorem  1.  in  the  customer-stationary  case  (1.1)  holds  for  each  p,  0  <  p  <  1.  where 
6V(p)  sttisAes  equation  (1.30),  U., 

V.(-0ir(p)/p)  *  -eV(p) ,  0  <  p  <  1  .  (5.1) 

On  the  other  hand,  by  Theorem  4  and  Proposition  7,  in  the  time-stmionary  case  (1.36)  holds  for 
eachp.O  <  p  <  1,  where  the  decay  rate  62  (p)satisfles 

P¥a(¥r(0l(p)))-e2(P)  -  P¥a(ei(p))-e£(p)  -  0 .  (5.2) 

because  the  decay  rate  hmctlon  of  4(pr)  is  py4.  However,  by  (1.29),  {52)  is  equivalent  to 

-¥2(-0i(p)/p)  ■  ¥a'(0l(pV'p)  ■  e2(p) ,  0  <  p  <  1  .  (5.3) 

ByRDpositkM8,6V(p)  ■  62(p)forO  <  p  <  1.  Hence,  (5.3)  becomes 

¥:(-0V(pVp)  •  -eV(p) ,  0  <  p  <  1  .  (5  4) 


Rnally,  by  Proposltioo  5,  (5. 1)  and  (5.4)  imply  that  ty.  «  tyl.  ■ 
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6.  Proof  of  Theorem  6 

By  Theorem  5,  V«(-0)  =  -vi*(0).  Paralleling  the  proofofTheorem  5,  we  have 

V«(-0w(p)/p)  =  -Vv(0w(p))  .  0  <  p  <  1  .  (6.1) 

instead  of(S.l)aiKl 

PVA(V»(et(P))-6£(P)  -  0 . 0  <  p  <  1  .  (6.2) 

instead  of  (5.2).  However.  (6.2)  is  equivalent  to 

V;i‘(0I(P)/p)  »  ¥v(0i(p))  ,  0  <  p  <  1  .  (6.3) 

Since  v;i'(0)  «  -¥«(-6).  (6.3)  coincides  with  (6.1),  so  that  we  must  have  0I(p)  «  0w(p). 

0  <  p  <  1.  ■ 

7.  ProofofProposttloa? 

Note  that,  fbr  any  e  >  0.  there  Is  an  hq  such  that 

&•«»)  «  £&  '•'  'p(A(o  -  It) 

mmO 

^  H 

S  £e"‘’»-W**)/>(A(0  .!!)<*> 

mmO 

^  H 

^  <¥.(•)  ♦  t)4(i)  ^  £^*5’^' 

^  •• 

«  f  T  V 

for  r  suitably  large.  Hence, 

Uffl  r"'lof£e"^*^  S  ¥4(¥v(0)  ♦£)♦€. 

Since  e  was  artHrary  and  Va  is  coodnuotts  at  ¥v(B)> 
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lira/"’ log  5  ¥a(¥v(0))  • 


The  reasoning  for  the  other  direction  is  essentially  the  same.  ■ 


8.  Proof  of  Proposition  9 

We  shall  worit  with  characterization  (ii)  in  Proposition  1.  Note  that 

wm  I  V.  +  v;  i  2  V,  (8.1) 

i-1  i-l 


Lm  I  £  V, .  (8.2) 

/•'l  /•! 

where  and  V'*  are  the  equilibrium  residual  service  times  of  the  customer  in  service  (which  in 
general  depend  upon  Q*  and  Q).  Since  dte  argument  is  essentially  the  same  for  W  and  L,  we 
henceftxth  consider  only  W.  To  have  a  useftil  inequality  in  the  opposite  direction,  we  truncate  the 

service  times  by  setting  VS  *■  min{  2  1.  Then 

W*  1  5vf  +  c  .  (8.3) 


I¥offi  (8.1).  we  obtain 

£e*"^  2  £(&•*'•  I®* . 

soihiiO^  2  k>|£r (As in ProposWon  8.  we  use  the  fKt  that  6V  <  6v,-)  From  (8.3).  we 
obtain 

ft**"!. 


lOdHt 


IO|&*^’^  2  6^  . 
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Then  note  that  Vj,  W‘,  Q^,  and  L‘  increase  stochastically  to  their  limits  V^,  W,  Q^,  Q  and  L 
as  c  ->  oo,  see  Theorems  4,  S  and  8  plus  the  remark  on  p,  216  of  Whitt  (1981).  Hence 

0Q.  S  lim  inf0/^  S  limlog  =  log  <  »  .  ■ 


9.  An  Example 

In  this  section  we  give  an  examine. 

Example  1.  To  see  that  the  conditions  in  Theorem  1  are  not  necessary  for  (1.1)  or  (1.2).  consider 
the  G/G/1  model  with 

-  1.  Uu*2  -  1  +  -  1  +  r..  •0to(aUn)m\/2 

and 

nUu*i  -  1  +  K..  Uu*2  •  I.  Vu*i  -  0.  Vu*2  -  I  +  Ibr  aU  «)  .  1/2 . 

where  { }  is  an  i.Ld.  aequenoe  of  exptmemial  random  variables  with  mean  1.  Then  { C/«.  } 

Is  stadooary  with  £V«  ■  1  <  EU^  ■  3/2.  so  that  p  ■  2/3.  Moreover,  it  is  easy  to  see  that,  for 
a  2  1. 

P{W^  >  X)  m  p{W  >  X)  *  (1/2)#"'  .  X  >  0 . 
but 

•  ^2m*2  "  ”**  a) 

-  mi  -  -(a  +  y,) .  Su*2  -  ♦  Ki)  for  an  a)  -  1/2  . 

so  that 

£»“—  ■  ^b”‘  +  . 
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«~‘log  ^(0)  = 

Hence,  (1.1)  and  (1.2)  hold,  but  v(0*)  =  0for6*  = 


-0/2  as  n  oo  . 
0.  ■ 


References 


ABAIE,  J.,  CHOUDHURY,  G.  L.  and  WHITT,  W.  (1992a)  Exponential  approximations  for  tail 
probabilities  of  queues.  I:  waiting  times,  submitted. 

ABATE,  J.,  CHOUDHURY,  G.  L.  and  WHITT,  W.  (1992b)  Exponential  approximations  for  tail 
probabilities  of  queues,  n;  sojourn  time  and  workload,  submitted. 

ABATE,  J.,  CHOUDHURY,  G.  L.  and  WHITT,  W.  (1992c)  Asymptotics  for  steady-state  tail 
probabilities  in  structured  Markov  chains,  submitted. 

ABATE,  J..  CHOUDHURY.  G.  L.  and  WHITT,  W.  (1992d)  Calculation  of  the  GI/G/1  waiUng- 
tlme  distribution  and  its  cumulants  from  Pollaczek's  formulas,  submitted. 

ABATE,  J.  and  WHITT,  W.  (1992)  A  heavy-trafBc  expansion  for  asymptotic  decay  rates  of  tail 
probabilities  in  multi-channel  queues,  submitted. 

ADDIE.  R.  G.  and  ZUCKERMAN,  M.  (1993)  An  approximation  for  performance  evaluation  of 
stationary  single  server  queues.  IEEE  Trans.  Commiju,  to  appear. 

ASMUSSEN.  S.  (1987)  ApplUd  Probability  and  Queues.  WUey.  New  York. 

ASMUSSEN.S.  (1989)  Risk  theory  in  a  Markovian  environmenL  SeantLAciJ.  09-100. 

ASMUSSEN.  S.  and  FERRY,  D.  (1992)  On  cycle  maxima,  first  passage  problems  and  extreme 
value  theory  for  queues  Skocfinsiic  Models,  to  appear. 

BAIOCCHI,  A.  (1992)  Asymptotic  behavior  of  the  loss  probability  of  the  MAP/GI/l/K  queue, 
pacti: theory.  INFOCOMDepL.UniverBityofRome ’‘LaSapienxa.’’ 

BOROVKOV.  A.  A.  (1976)  Stochastic  Processes  in  Queuebti  Theory,  Springer- Vetlag,  New 
York. 

BUCKLEW,  J.  A.  (1990)  Large  Deviations  Techniques  in  Decision,  Simulation  and  Estimation. 
WUey.  New  York. 

CHANG,  C.-S.  (1992)  StabUity,  queue  length  and  delay,  pan  II:  stochastic  queueing  networks. 
IBM  T.  J.  Wttsoo  Research  Center,  Yorktown  Heights.  NY. 


-R-2- 


CHANG,  C.-S.,  HEIDELBERGER,  P.,  JUNEJA,  S.  and  SHAHABUDDIN,  P.  (1992)  Effective 
bandwidth  and  fast  simulation  of  ATM  intree  networks.  IBM  T.  J.  Watson  Research  Center, 
Yorktown  Heights.  NY. 

CHOUDHURY,  G.  L..  LUCANTONI.  D.  M.  and  WHITT,  W.  (1993)  Tail  piobabUiUes  in  queues 
widi  many  independent  sources,  in  preparation. 

CHOUDHURY.  G.  L.  and  WHITT.  W.  (1992)  Heavy-traffic  asymptotic  expansions  for  the 
asyn^otic  decay  rates  in  the  BMAP/GI/1  queue,  submitted. 

CHUNG.  K.  L.  (1974)  A  Course  in  Probability  Theory,  second  ed..  Academic  Press.  New  York. 
DEMBO.  A.  and  ZEITOUNI.  0.  (1992)  Large  Deviations  Techniques  and  Applications,  A.  K. 
Peten,  Wellesley,  MA. 

ELLIS.  R.  (1984)  Large  deviations  for  a  general  class  of  random  vectors.  Ann.  Probab.  12, 1-12. 
ELWALID,  A.  L  and  MTTRA,  D.  (1992)  Effective  bandwidth  of  general  Markovian  traffic 
sources  and  admission  control  of  high  speed  networks,  submitted. 

FELLER,  W.  (1971)  An  tntroduction  to  Probability  Theory  and  Us  AppUeadons,  Vol.  n.  second 
ed.,  Wiley.  New  York. 

FRANKEN.  P..  KONIG,  D.,  ARNDT,  U.  and  SCHMIDT,  V.  (1981)  Queues  and  Point 
Processes,  Akademie-Vetlag,  Berlin. 

GARTNER.  J.( 1977)  On  large  deviadons  from  the  iovatlaminetfure.  Theor.  Probab.  AppL  22. 
24-39. 

GIBBENS,  R.  J.  and  HUNT,  P.  J.  (1991)  Elfoctlvc  baadwiddis  for  the  multi-type  UAS  channel. 
Queueing  Sydms  9, 17-28. 

GLYNN,  P.W.  and  WHnT,W.  (1988a)  Ordinary  CLT  and  WLLNveisloos  of  L  «  XW.  Math. 
Oper.Kes.  13.674-691 

(a.YNN,  P.  W.  Md  WHITT,  W.  (1988b)  An  UL  venioo  of  L  -  XW.  Math.  Oper.  Res.  13. 


693-7ia 


-R-3- 


GLYNN,  P.  W.  and  WHITT,  W.  (1993)  Large  deviations  behavior  of  counting  processes  and 
their  inverses,  submined. 

GUERIN,  R.,  AHMADI,  H.  and  NAGHSHINEH,  M.  (1991)  Equivalent  cavity  and  its 
appUcation  to  bandwidth  application  in  high*speed  networks.  IEEE  J.  Sel.  Areas  Commun. 
9,968*981. 

IGLEHART,  D.  L.  and  WHITT,  W.  (1970)  Multiple  channel  queues  in  heavy-traffic,  II: 
sequences,  networks  and  batches.  Adv.  AppL  Prob.  2, 355-369. 

IGLEHART,  D.  L  and  WHITT,  W.  (1971)  The  equivalence  of  ftinctional  central  limit  theorems 
for  counting  processes  and  associated  partial  sums.  Amt  Math.  SiatisL  42, 1372-1378. 

KELLY,  F.  P.  (1991)  Effective  bandwidths  at  multi-class  queues.  Queueing  Sysums  9, 5-16. 

KINGMAN,  J.  F.  C.  (1962)  On  queues  in  heavy  traffic.  J.  Roy.  Slat  Soc.,  Set  B.  24, 383*392. 

NEUTS,  M.  F.  (1986)  The  caudal  chacacteristic  curve  of  queues.  Adv.  AppL  Prob.  18, 221-254. 

SHWARTZ,  A.  and  WEISS,  A.  (1993)  Large  Deviations  for  Perfomance  Analysis:  Queues, 
CammiaUcatian  and  Computing,  in  prepscadou. 

SOHRABY,  K.  (1992)  On  the  theory  of  general  on-off  sources  with  appUcadma  In  high  speed 
networks.  IBM  T.  J.  Watson  Research  Center,  Yorktown  Hei^its,  NY. 

TAKACS,  L  (1962)  Introduction  to  the  Theory  ef  Queues,  Oxlbtd  University  Press,  New  York. 

TAKACS.  L.  (1963)  The  Umitiag  (Hsttlbuiion  of  the  virtual  waitleg  ttme  and  the  queue  size  for  a 
alagle  server  queue  with  recorren^i^M  and  general  aervloe  times.  5SaR*A>viA25, 91-109. 

TAKACS.  L.  (1967)  Combinatoriai  Methods  in  the  Theory  of  Stochastic  Processes,  Wiley.  New 
York. 

WMS,  KC.(l9$6)SiodiaaieModriing  and  analysis:  A  Compuuttional  Abroach,  Wiley.New 
York. 


VAN  OMMEREN,  I.  C  W.  (1988)  Ezponential  espansioii  for  the  tail  of  the  watting-tiine 
pnbahilhy  in  the  riqgle-eervcr  queue  whh  batch  arrivals.  Adv.A/^  Prob.  20,880-895. 


-R-4- 


WHITT,  W.  (1980)  Some  useful  functions  for  functional  limit  theorems.  Math.  Oper.  Res.  5, 


67-85. 

WHITT,  W.  (1981)  Comparing  counting  processes  and  queues.  Adv.  Appl.  Prob.  13, 207-220. 
WHITT,  W.  (1992)  Tail  probabilities  with  statistical  multiplexing  and  elective  bandwidths  for 


multi-class  queues,  submitted. 


